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To answer an open problem, we present two trees whose characteristic polynomials are both 
insolvable by radicals. 
Cvetkovic, Doob and Sachs raise nine open problems on spectra of graphs in 
their book [1, pp. 266-267]. The seventh problem is as follows: 
Find a graph G for which the equation P60t )=0 cannot be 
solved by radicals. (P~(A) is the characteristic polynomial of the 
graph G.) 
In [2], Godsil proved that almost all trees have insolvable characteristic 
polynomials. The first such tree constructed by his method should be one with 
[26! e] = 1.1 x 1027 vertices. 
In this note we present wo examples T1 and T2 satisfying the above condition. 
Both examples are trees with ten vertices as shown in Fig. 1. Their characteristic 
polynomials are listed in [1, p. 290]: 
PTI(A) = h 1° -  9As+ 26A 6 -  29A4+ l l k  2 -1 ,  
Pr2(A) = h lo_ 9)is + 27A 6_ 32A4 + 13A2_ 1. 
Since a tree is a bipartite graph and its characteristic polynomial has the form 
f()t 2) or )tf()t2), it is easy to see that these two trees are the smallest ones with 
insolvable characteristic polynomials. 
Let )t2=x, [ l (x)=xS-9x"+26x3-29x2+l lx-1,  [2(x)=xS-9x4+27x 3- 
32x2+13x-1.  In order to prove that PTi(A) =0 (i = 1, 2) are both insolvable by 
radicals, it is enough to show that the galois groups Gal(fl) and Gal~2) of ft and f2 
over the rational field Q are both insolvable. In fact, we are going to show that 
Gal(fl)=Gal(~2) = S5 where S5 is the symmetric group on 5 letters. It is well 
known that Ss is insolvable group. 
For proving Gal(fl)=Gal(/2)= $5, we need the following two basic facts in 
galois theory. 
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Fact 1. If f(x) is an irreducible polynomial of degree n in Q[x], then Gal(f) acts 
transitively on the n roots of f(x) (see [3, p. 251, Theorem 4.14]). 
Fact 2. Let f(x) be a monic polynomial in 7/[x] (Z is the ring of integers), p a 
prime number, f (x )e  Fo[x] the reduction mod p of f(x) 0:p is the finite field with 
p elements). If f(x) has no multiple root in an algebraic losure of ~:o, then Gal(f) 
has a subgroup which is isomorphic to Gal(/~) (see [3, p. 254, exercise 17]). 
Let us determine the galois group Gal(fl) first. 
1. fl(x) is irreducible in Q[x]. 
Praot.  f1 (1 )=-1 ,  [1 ( -1 )=-77 .  Suppose that fl(x) is reducible, then 
fi(x) = (x2+ ax + 1)(x3 + bx2+ cx - 1) 
or  
(1) 
fl(x) = (x 2 + ax - 1)(x 3 + bx 2 + cx + 1) (2) 
where a, b, c ~ 7/. For (1) we have 
a+b=-9 ,  l+c+ab=26,  - l+b+ac=-29 ,  c -a= 11 
which implies that c=l l+a ,b=-a -9 .  Thus l+ l l+a+a( -a -9 )=26,  and 
- 1-a -9+a( l l+a)  =-29 ,  i.e. -a2 -8a  = 14 and a2+ 10a =-19 .  Therefore  
2a=-5  which contradicts with the fact that a~g.  Thus (1) is impossible. 
Similarly we can show that (2) is also impossible. Thus fl(x) is irreducible in 
O[x]. [ ]  
O_~tm 2. A(x) - - (x  + l)~(x) (rood7) where q~(x)= x4-  3x3 + x2-  2x -1  and ~(x) 
is irreducible in F7[x]. 
l~roof. It can be verified directly that q~(x) has no root in F 7. Suppose that ~(x) is 
reducible in F7[x], then 
= (x2+ ax + b)(x2 + cx + d) ,  
Therefore we have 
a+c=-3 ,  b+d+ac= 1, 
a, b, c, dEF  7. 
ad + bC = -2 ,  bd ~ ml .  
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It is easy to see that the equations have no solution in ~:7- Thus q~ (x) is irreducible 
in F7[x]. [] 
3. fi(x)=--(x+ l)(x+3) h(x) (mod l l )  where h (x )=x3-2x2-2x-4  is ir- 
reducible in ~:11[x] since h(x) has no root in IFls. 
Claim 4. Gal(ft) = S5. 
l~t~| .  From Claim 1 and Fact 1 we know that 5 [ IGalff01. Thus Gal(/0 has an 
dement of order 5. Since q~(x) is irreducible in D:7[x] by Claim 2, the galois group 
of q~(x) over F7 is a cyclic group of order 4 which is isomorphic to a subgroup of 
Gal(fx) by Fact 2. Therefore Gal(fl) has an dement of order 4. Similarly, since 
h(x) is irreducible in ~11[X] by claim 3, Gal(fl) has an element of order 3. Thus 
IGal(fl)l ~>5-4- 3 = 60 and [$5: Gal(fl)]~< 120/60--2 which implies that Gal(f~) is 
a normal subgroup of Ss. Since Gal(fx) has an element of order 3, and such 
element in $5 has the form (axa2a3), Gal(fl) contains all elements (ala2a3) by 
normality of Galffl). Thus Gal(f0 contains the alternating roup A5 since all 
(axa2a3) generate A5. Moreover, Gal(fx) has an element of order 4 and such 
element in $5 has the form (axa2a3a4), which is an odd permutation. This implies 
Gal(fl) ~ As, i.e. Gal(f~) = $5. [] 
Using the same method we can show that f2(x) is also irreducible in Q[x] and 
f2(X)-~(X--3)(X4+Xs+2X2+2X--2) (mod 7), 
fE(x)---(x+4)(x+5)(x3+4x2+4x-5) (rood 11) 
where  x 4 -,I- x 3 + 2X 2 q- 2x - 2 and x 3 + 4X 2 d- 4X -- 5 are irreducible in ~7[X] and 
Fll[x] respectively. As we did in the proof of Claim 4, Gal(f2) is also equal to $5. 
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